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Abstract

This study is intended to provide a method to estimate the sea ice parameters in a nonlinear non-smooth thermodynamic system (NNTS) from
the sea ice temperature measurements. A new optimization algorithm is constructed to estimate the coefficients describing the salinity and other
two parameters in NNTS. Another simulation for sea ice temperature during different measurement period is operated. Results show that a better
simulation of the temperature distribution is possible with the estimated parameters than with the experimental parameters.
© 2008 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Sea ice plays an important role in the global climate sys-
tem [1]. Its freezing and melting processes are influenced by the
temperature distribution, thus the numerical simulation for the
sea ice temperature distribution have attracted great attention
[2–8]. However, the physical parameters such as the density,
the specific heat, the thermal conductivity and the salinity, and
so on, are crucial for exactly describing the sea ice temperature
profile. Therefore, accurately estimating these physical param-
eters can improve the sea ice thermodynamic modeling.

Until now, these physical parameters in the sea ice ther-
modynamic system are mainly estimated by field data [3,4].
However, the field data are spare and unsatisfactory due to the
difficulties associated with fieldwork, especially during the po-
lar winter. Some parameters could not be detected continuously
and automatically up to now, such as the ice salinity; some
could not be detected, such as the ice thermal conductivity. Thus
it could not help us to thoroughly understand the physical evo-
lution of sea ice just by field data. The parameter identification
method is effective to solve this problem. Parameter identifi-
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cation refers to the determination of the physical parameters
that could be detected discontinuously or difficultly from the
physical parameters which can be detected continuously in the
system model such that the predicted response of the model is
close, in some well-defined sense, to the process observations.
The parameter identification method can reinforce the field data
for improved understanding of the salinity evolution of sea ice
because sea ice temperature can be measured continuously and
automatically while sea ice salinity only can be measured aperi-
odically. In recent years, there are many researchers devoting to
the parameter identification problems of thermodynamic sys-
tems. Some researchers [9–11] considered the determination
of source terms, some researchers [12–14] considered the de-
termination of thermal conductivities. In [15], Lv, Feng and
Li identified the densities, the specific heats and the thermal
conductivities of a coupled thermodynamic system of sea ice.
In this paper, we will deal with a nonlinear and non-smooth
thermodynamic system (NNTS) of sea ice, and identify the
coefficients describing the sea ice salinity and other two param-
eters in NNTS using the parameter identification method. Our
method allows one to estimate the sea-ice salinity distribution
from temperature measurements alone. It might, in conjunction
with measurements, guide the way towards an improved under-
standing of the salinity evolution of sea ice, which is crucial
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Fig. 1. The configuration of the thermodynamic model of sea ice.

to describe sea ice in large scale climate models, for exam-
ple. However, currently the impact of snow on sea ice, of the
oceanic heat flux and of radiation penetrating through snow on
top of the sea ice is not included in our mathematical frame-
work. Additionally, we do not account for the impact of brine
moving within sea ice on the temperature field. To overcome
these limitations will be subject to future work. Applying our
model with obtained optimal parameters to field data shows that
despite these limitations, a better simulation of the observed
temperature distribution is possible with our model than would
be using a standard salinity profile. Therefore, our method can
help in interpreting field data and can be used, for example, to
overcome data gaps.

The rest of this paper is organized as follows. In Section 2,
we present a nonlinear non-smooth thermodynamic system of
sea ice, and the existence and uniqueness of weak solution of
NNTS. In Section 3, a parameter identification model is es-
tablished, the dependency relationship between the state and
control variables is proved, and the existence of optimal control
is presented; moreover, we construct an optimization algorithm
to find the optimal solution and make another numerical simu-
lation during the Polar Night Time. In Section 4, we conclude
this research and present the forthcoming work.

2. The nonlinear non-smooth thermodynamic system of
sea ice

Since the gradient variation of sea ice temperature in the ver-
tical direction is far greater than that in the horizontal direction,
we only consider the heat flux in the vertical direction. The sea
ice system (SIS) is shown in Fig. 1.

In Fig. 1, the vertical coordinate z representing the depth
of the system is taken as positive downward, take some point
at the sea ice surface as the origin; let l be the total depths of
SIS, z1 be the depth of sea ice between 0 and l determined by
the source term; ice depth is in meters. Let t denote time, tf
(> 0) denote the final time, time is in seconds. Let T = T (z, t)

be the temperature at depth z and time t , T0(z) be the ini-
tial temperature; TU = TU(t), TL = TL(t) and Tz1 = Tz1(t)

denote the temperature functions at z = 0, z = l and z = z1,
respectively; ice temperature is in Kelvins. Let Ω1 = (0, z1),
Ω2 = (z1, l), Ω = Ω1 ∪ {z1} ∪ Ω2 = (0, l) ⊂ R, I = (0, tf ),
Q = Ω × I , Qi = Ωi × I , i ∈ I2, where I2 = {1,2}. Let h(t)

be the thickness function of sea ice on t , ẑ be the normalized-
depth, that is ẑ = z/h(t), and h(t) = h1 + h2t > 0, h1 and h2
are given positive constants, (z, t) ∈ Q. For convenience, set
In = {1,2, . . . , n}, n is any positive integer. According to the
Fourier’s law of heat conduction, the thermodynamic system of
SIS is described by the following heat conduction equations de-
noted by NNTS.

(ρ · c)(T )
∂T

∂t
= ∂

∂z

(
k(T )

∂T

∂z

)
+ F(z), (z, t) ∈ Q, (1)

T (z,0) = T0(z), z ∈ Ω, (2)

T (0, t) = TU(t), t ∈ Ī , (3)

T (l, t) = TL(t), t ∈ Ī . (4)

The product formulae of the density and the specific heat
(ρ · c)(T ) of sea ice and the thermal conductivity k(T ) are
expressed by the following equations on the basis of previous
work [2–4,7].

(ρ · c)(T ) = ρpicpi + γ S(ẑ)

(T − 273.15)2
, (z, t) ∈ Q, (5)

k(T ) = kpi + βS(ẑ)

T − 273.15
, (z, t) ∈ Q, (6)

S(ẑ) = a0 + a1ẑ + a2ẑ
2 + a3ẑ

3, (z, t) ∈ Q, (7)

F(z) =
{

κ1(1 − ᾱ)Qse
−κ1z,

i0κ2(1 − ᾱ)Qse
−κ2(z−z1),

0 � z < z1,

z1 � z � l.
(8)

Where ρpi, cpi and kpi are the density, the specific heat and
the thermal conductivity of pure ice, respectively; γ and β are
positive parameters. S(ẑ) is the sea ice salinity at normalized-
depth ẑ, and it is in parts per thousand; a0, a1, a2 and a3 are
parameters corresponding to the normalized-depth. F(z) is the
source term; i0 is the fraction of the net absorbed solar radia-
tion penetrating into the interior of the ice to form brine pockets
when the surface is snow-free, and i0 = 0.18(1 − C) + 0.35C,
where C is a sky condition constant between 0 and 1; ᾱ is the
sea ice albedo; Qs is the flux of solar shortwave radiation; κ1
and κ2 are the bulk shortwave extinction coefficients of sea ice,
and κ1 = −10 × ln i0.

Since the density, the specific heat and the thermal conduc-
tivity of sea ice are relevant to the sea ice temperature, NNTS is
nonlinear; since the source term is a piecewise function, NNTS
is non-smooth. From the above analysis, we can get that NNTS
is a nonlinear non-smooth system.

According to the physical characteristics of SIS, we make
the following assumptions:

(A1) The temperature T (z, t) of NNTS is continuous on Q,
and there exist Tinf > 1, 0 < Tsup < 273, and Tinf �
Tsup, such that Tinf � T (z, t) � Tsup, for any (z, t) ∈ Q.
And there exists L > 0, for any (z, t) ∈ Q, such that
|∂T /∂z| � L.

(A2a) Let q = (q1, q2, q3, q4, q5, q6) = (γ,β, a0, a1, a2, a3),
γ,β, a0, a1, a2 and a3 are bounded, that is, there ex-
ist qLj ∈ R, qUj ∈ R, and qLj � qUj (j ∈ I6), such
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that qL1 � γ � qU1, qL2 � β � qU2, qL3 � a0 � qU3,
qL4 � a1 � qU4, qL5 � a2 � qU5, qL6 � a3 � qU6.

From assumption (A2a), let Qad = {q = (q1, q2, q3, q4, q5,

q6) | qLj � qj � qUj , j ∈ I6, and S1 � q3 + q4ẑ + q5ẑ
2 +

q6ẑ
3 � S2, S3 � q3 + q4 + q5 + q6 � S4, where ẑ = z/h(t),

∀(z, t) ∈ Q} be a parameter set, then Qad is a compact convex
subset of R

6, where S1 and S2 are given positive constants. To
illustrate the relationship between the density, the specific heat,
the thermal conductivity of sea ice and the parameter q ∈ Qad,
rewrite (ρ · c)(T ) and k(T ) as (ρ · c)(T , q) and k(T , q), respec-
tively. Let z0 = 0, TU(t) = Tz0(t), z2 = l, TL(t) = Tz2(t).

(A2b) There exist Mm > 0 and Ln > 0, m ∈ I2, n ∈ I4, such
that∣∣∣∣∂(ρ · c)(T , q)

∂T

∣∣∣∣ � M1,

∣∣∣∣∂k(T , q)

∂T

∣∣∣∣ � M2,

∀T ∈ C(Q;R), ∀q ∈ Qad

and∣∣(ρ · c)(T , q ′) − (ρ · c)(T , q ′′)
∣∣ � L1‖q ′ − q ′′‖L2(Qad)

,∣∣k(T , q ′) − k(T , q ′′)
∣∣ � L2‖q ′ − q ′′‖L2(Qad)

,∣∣∣∣∂(ρ · c)(T , q ′)
∂T

− ∂(ρ · c)(T , q ′′)
∂T

∣∣∣∣
� L3‖q ′ − q ′′‖L2(Qad)

,∣∣∣∣∂k(T , q ′)
∂T

− ∂k(T , q ′′)
∂T

∣∣∣∣ � L4‖q ′ − q ′′‖L2(Qad)
,

∀T ∈ C(Q;R), ∀q ′, q ′′ ∈ Qad.

(A3) S(ẑ) ∈ C1(Q), h(t) ∈ C2(I ;R+), F(z) ∈ C1(Ωi), and
there exists L > 0, for any z ∈ Ωi , such that |F(z)| � L,
i ∈ I2; Tz0(t), Tz1(t), Tz2(t) ∈ C1(I ), and there exists
M3 > 0, such that 0 < Tzi

(t) − Tzi−1(t) � M3, ∀t ∈ I ,
i ∈ I2.

(A4) T0(z) ∈ H 1
0 (Ωi) ∩ H 2(Ωi), and there exists ε0 > 0,

for any (z, t) ∈ Qi , such that |∂2T0/∂z2| < ε0, i ∈ I2;
TU(0) = T0(0), TL(0) = T0(l).

Since Tz1(t), T0(z), TU(t) and TL(t) are all given, the
temperature T (z, t) of NNTS is dependent on the parameters
γ,β, a0, a1, a2 and a3, that is, T (z, t) = T (z, t;γ,β, a0, a1,

a2, a3). Thus γ,β, a0, a1, a2 and a3 are to be identified later.

Remark 1. Let

(ρc)L = ρpicpi + min
i∈I2

{
inf

(z,t)∈Qi

q1S(ẑ)

(T − 273.15)2

}
,

(ρc)U = ρpicpi + max
i∈I2

{
sup

(z,t)∈Qi

q1S(ẑ)

(T − 273.15)2

}
,

kL = kpi + min
i∈I2

{
inf

(z,t)∈Qi

q2S(ẑ)

T − 273.15

}
,

kU = kpi + max
i∈I2

{
sup

(z,t)∈Qi

q2S(ẑ)

T − 273.15

}
,

from assumptions (A1)–(A3), we have that
(ρc)L � (ρ · c)(T , q) � (ρc)U ,

∀T ∈ C(Q;R), ∀q ∈ Qad

kL � k(T , q) � kU ,

∀T ∈ C(Q;R), ∀q ∈ Qad.

From the above analysis, we decompose NNTS into two sub-
systems.

Subsystem (1):

(ρ · c)(T , q)
∂T

∂t
= ∂

∂z

(
k(T , q)

∂T

∂z

)
+ F(z), (z, t) ∈ Q1,

T (z,0) = T0(z), z ∈ Ω1,

T (z0, t) = Tz0(t), t ∈ Ī ,

T (z1, t) = Tz1(t), t ∈ Ī ,

where

(ρ · c)(T , q) = ρpicpi + γ S(ẑ)

(T − 273.15)2
, (z, t) ∈ Q1,

k(T , q) = kpi + βS(ẑ)

T − 273.15
, (z, t) ∈ Q1,

S(ẑ) = a0 + a1ẑ + a2ẑ
2 + a3ẑ

3, (z, t) ∈ Q1,

F (z) = κ1(1 − ᾱ)Qse
−κ1z, z ∈ Ω1.

Subsystem (2):

(ρ · c)(T , q)
∂T

∂t
= ∂

∂z

(
k(T , q)

∂T

∂z

)
+ F(z), (z, t) ∈ Q2,

T (z,0) = T0(z), z ∈ Ω2,

T (z1, t) = Tz1(t), t ∈ Ī ,

T (z2, t) = Tz2(t), t ∈ Ī ,

where

(ρ · c)(T , q) = ρpicpi + γ S(ẑ)

(T − 273.15)2
, (z, t) ∈ Q2,

k(T , q) = kpi + βS(ẑ)

T − 273.15
, (z, t) ∈ Q2,

S(ẑ) = a0 + a1ẑ + a2ẑ
2 + a3ẑ

3, (z, t) ∈ Q2,

F (z) = i0κ2(1 − ᾱ)Qse
−κ2(z−z1), z ∈ Ω2.

And TΩ1(z1, t) = TΩ2(z1, t),
∂TΩ1
∂ 
n1

|z=z1 = ∂TΩ2
∂ 
n2

|z=z1 , where

TΩi,t and
∂TΩi

∂ 
ni
are the temperature in Ωi and normal derivatives

at z1, i ∈ I2, for any t ∈ Ī .
For the subsystem (i), for any (z, t) ∈ Qi , i ∈ I2, let u =

u(z, t) = T (z, t) − (1 − z−zi−1
zi−zi−1

)Tzi−1(t) − z−zi−1
zi−zi−1

Tzi
(t), then

the subsystem (i) (i ∈ I2) can be rewritten as

(ρ · c)(u, q)
∂u

∂t
= ∂

∂z

(
k(u, q)

∂u

∂z

)
+ Tzi

(t) − Tzi−1(t)

zi − zi−1

∂k(u, q)

∂z
+ F(u,q),

(z, t) ∈ Qi, (9)
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u(z,0) = u0(z), z ∈ Ωi, (10)

u(zi−1, t) = 0, t ∈ Ī , (11)

u(zi, t) = 0, t ∈ Ī , (12)

where

(ρ · c)(u, q) = ρpicpi + γ S(ẑ)
/(

u +
(

1 − z − zi−1

zi − zi−1

)
Tzi−1(t)

+ z − zi−1

zi − zi−1
Tzi

(t) − 273.15

)2

,

(z, t) ∈ Qi, (13)

k(u, q) = kpi + βS(ẑ)
/(

u +
(

1 − z − zi−1

zi − zi−1

)
Tzi−1(t)

+ z − zi−1

zi − zi−1
Tzi

(t) − 273.15

)
,

(z, t) ∈ Qi, (14)

F(u,q) = F(z) − (ρ · c)(u, q)

((
1 − z − zi−1

zi − zi−1

)
T ′

zi−1
(t)

+ z − zi−1

zi − zi−1
T ′

zi
(t)

)
,

(z, t) ∈ Qi, (15)

u0(z) = T0(z) −
(

1 − z − zi−1

zi − zi−1

)
Tzi−1(0)

− z − zi−1

zi − zi−1
Tzi

(0),

z ∈ Ωi. (16)

For convenience of our subsequent analysis, we use the follow-
ing notation: ut = ∂u

∂t
, ∇u = ∂u

∂z
, �u = ∇2u. Since (ρ · c)(u;q)

> 0, dividing (9) by (ρ · c)(u;q), then the subsystem (i) (i ∈
I2) can be transformed into the following format denoted by
NNTSS:

ut − ∇(
a(u, q)∇u

) − b(u, q)|∇u|2 + e(u, q)∇u

= f (u, q), (z, t) ∈ Qi, (17)

u(z, t) = 0, (z, t) ∈ ({zi−1} ∪ {zi}
) × Ī , (18)

u(z,0) = u0(z), z ∈ Ωi. (19)

Where

a(u, q) = k(u, q)

(ρ · c)(u, q)
, (20)

b(u, q) = −2γ S(ẑ)k(u, q)
/
(ρ · c)2(u, q)

×
(

u +
(

1 − z − zi−1

zi − zi−1

)
Tzi−1(t)

+ z − zi−1

zi − zi−1
Tzi

(t) − 273.15

)3

, (21)

e(u, q) = −γ k(u, q)
∂S(ẑ)

∂z

/
(ρ · c)2(u, q)

×
(

u +
(

1 − z − zi−1

zi − zi−1

)
Tzi−1(t)

+ z − zi−1
Tzi

(t) − 273.15

)2
zi − zi−1
− 2γ S(ẑ)k(u, q)
/
(ρ · c)2(u, q)

×
(

u +
(

1 − z − zi−1

zi − zi−1

)
Tzi−1(t)

+ z − zi−1

zi − zi−1
Tzi

(t) − 273.15

)3

· Tzi
(t) − Tzi−1(t)

zi − zi−1

− βS(ẑ)/(ρ · c)(u, q)

(
u +

(
1 − z − zi−1

zi − zi−1

)
Tzi−1(t)

+ z − zi−1

zi − zi−1
Tzi

(t) − 273.15

)2

· Tzi
(t) − Tzi−1(t)

zi − zi−1
,

(22)

f (u, q) = β
∂S(ẑ)

∂z
/(ρ · c)(u, q)

(
u +

(
1 − z − zi−1

zi − zi−1

)
Tzi−1(t)

+ z − zi−1

zi − zi−1
Tzi

(t) − 273.15

)
· Tzi

(t) − Tzi−1(t)

zi − zi−1

− βS(ẑ)/(ρ · c)(u, q)

(
u +

(
1 − z − zi−1

zi − zi−1

)
Tzi−1(t)

+ z − zi−1

zi − zi−1
Tzi

(t) − 273.15

)2

×
(

Tzi
(t) − Tzi−1(t)

zi − zi−1

)2

+ F(z)

(ρ · c)(u, q)

−
(

1 − z − zi−1

zi − zi−1

)
T ′

zi−1
(t) − z − zi−1

zi − zi−1
T ′

zi
(t).

(23)

Remark 2. From assumptions (A1), (A3) and the definition of
u(z, t), we can conclude that u(z, t) is continuous on Qi , i ∈
I2; from (13), (14), the definition of u(z, t) and Remark 1, for
any u ∈ C(Qi;R), any q ∈ Qad, i ∈ I2, we have that (ρc)L �
(ρ · c)(u, q) � (ρc)U , kL � k(u, q) � kU ; from assumptions
(A1)–(A3), (15) and Remark 1, we can obtain that F(u,q) ∈
C(C(Qi;R) × Qad;R), i ∈ I2; from assumptions (A1)–(A3),
for any q ′, q ′′ ∈ Qad, u ∈ C(Qi;R), i ∈ I2, take

L5 = L1 max
i∈I2

{
sup

(z,t)∈Qi

{(
1 − z − zi−1

zi − zi−1

)
T ′

zi−1
(t)

+ z − zi−1

zi − zi−1
T ′

zi
(t)

}}
,

we can get that∣∣∣∣∂(ρ · c)(u, q ′)
∂u

− ∂(ρ · c)(u, q ′′)
∂u

∣∣∣∣ � L3‖q ′ − q ′′‖L2(Qad)
,∣∣∣∣∂k(u, q ′)

∂u
− ∂k(u, q ′′)

∂u

∣∣∣∣ � L4‖q ′ − q ′′‖L2(Qad)
,∣∣F(u,q ′) − F(u,q ′′)

∣∣ � L5‖q ′ − q ′′‖L2(Qad)
,

and for any q ∈ Qad, any u ∈ C(Qi;R), any (z, t) ∈ Qi, i ∈ I2,

take

M4 = (ρc)U max
i∈I2

{
sup

(z,t)∈Qi

{(
1 − z − zi−1

zi − zi−1

)
T ′

zi−1
(t)

+ z − zi−1
T ′

zi
(t)

}}
,

zi − zi−1
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M5 = 2Tsup + M3,

M6 = L + M3 max

{
1

z1
,

1

l − z1

}
,

we can obtain that∣∣∣∣∂(ρ̄ · c̄)(u, q)

∂u

∣∣∣∣ � M1,

∣∣∣∣∂k̄(u, q)

∂u

∣∣∣∣ � M2,∣∣F(u,q)
∣∣ � M4,

∣∣u(z, t)
∣∣ � M5,

∣∣∇u(z, t)
∣∣ � M6.

Remark 3. From assumptions (A1)–(A4), (20)–(23), we can
get that a(u, q), b(u, q), e(u, q), f (u, q) ∈ C1(C(Qi;R) ×
Qad;R), i ∈ I2, and there exist positive constants ã0, ã1, and
ã0 � ã1, such that ã0 � a(u, q) � ã1; take M7 = M4(ρc)−1

L ,
and we have |f (u, q)| � M7, for any q ∈ Qad, any u ∈
C(Qi;R), i ∈ I2.

Remark 4. From assumptions (A1)–(A4), (20)–(23) and Re-
mark 2, for any u ∈ C(Qi;R), i ∈ I2, take

M̃ = sup
s∈C(Qi ;R)

{
∂a

∂u
(s),

∂b

∂u
(s)

}
,

M = sup
s∈C(Qi ;R)

{
∂e

∂u
(s),

∂f

∂u
(s)

}
,

we can obtain that

max

{∥∥∥∥∂a

∂u

∥∥∥∥
C(C(Qi ;R)×Qad;R)

,

∥∥∥∥∂b

∂u

∥∥∥∥
C(C(Qi ;R)×Qad;R)

}
� M̃,

max

{∥∥∥∥ ∂e

∂u

∥∥∥∥
C(C(Qi ;R)×Qad;R)

,

∥∥∥∥∂f

∂u

∥∥∥∥
C(C(Qi ;R)×Qad;R)

}
� M|u|.

Take M = max{M̃,M}, therefore, for any q ∈ Qad, such that
|b(u, q)| � M|u|, |e(u, q)| � M|u|2, |f (u, q)| � M|u|2.

Remark 5. From assumption (A4) and (16), we can obtain that
u0 ∈ H 1

0 (Ωi) ∩ H 2(Ωi), and ‖�u0(z)‖L2(Ωi)
< ε0, for some

ε0 > 0, for any z ∈ Ωi , i ∈ I2.

From the above analysis, we can get the following results.

Theorem 1. Suppose assumptions (A1)–(A4) hold, then NNTSS
has a unique solution u(z, t) :Qi → R, i ∈ I2.

Proof. The proof is as in Ref. [16]. �
Theorem 2. Suppose assumptions (A1)–(A4) hold, then NNTS
has a unique weak solution T (z, t) :Q → R.

Proof. According to Ref. [17] and Theorem 1, we can obtain
that NNTS has a unique weak solution T (z, t) :Q → R. �

Define S be the set of weak solutions of NNTS, i.e. S :=
{T (z, t;q) | T (z, t;q) is the weak solution of NNTS corre-
sponding to q ∈ Qad}.
3. Parameter identification for the nonlinear non-smooth
thermodynamic system

In this section, we will consider the parameter identification
problem of NNTS. Let T̃z,t be the observed temperature data
of NNTS at depth z and time t , T (z, t) be the fitted continu-
ous temperature function of T̃z,t , where (z, t) ∈ Q. Define the
performance criterion

J (q) = ∥∥T (z, t;q) − T (z, t)
∥∥2

L2(Q)
, (24)

where T (z, t;q) ∈ S(Qad). Our goal is to make the temperature
T (z, t;q) of NNTS approach the fitted function T (z, t), so the
optimal control model can be expressed as

(PIP) minJ (q)

s.t. T (z, t;q) ∈ S(Qad), q ∈ Qad. (25)

3.1. Existence of optimal parameter

First we will consider the existence of optimal control. We
will give a preparative theorem.

Theorem 3. Suppose assumptions (A1)–(A4) hold, then the
mapping q → T (z, t;q) is strongly continuous, for any q ∈
Qad.

Proof. We first prove that the mapping q → u(t;q) is strongly
continuous, where u(q) is the weak solution of NNTSS, for any
q ∈ Qad. For any fixed parameter q0 = (γ0, β0, a

0
0, a0

1, a0
2, a0

3) ∈
Qad, let {qn} ⊂ Qad be a sequence, such that ‖qn−q0‖L2(Qad)

→
0, as n → ∞, where qn = (γn,βn, a

n
0 , an

1 , an
2 , an

3 ); let un =
un(t;qn) and u0 = u0(t;q0) be the weak solutions of NNTSS
corresponding to qn and q0, respectively; set ωn = ωn(z, t) =
un − u0, ān = a(un, qn), ā0 = a(u0, q0), bn = b(un, qn),
b0 = b(u0, q0), en = e(un, qn), e0 = e(u0, q0), fn = f (un, qn),
f0 = f (u0, q0), then for i ∈ I2, we have∫
Ωi

ωnω
′
n dz −

∫
Ωi

ωn∇(ān∇ωn)dz

−
∫
Ωi

ωn∇
(
(ān − ā0)∇u0)dz

−
∫
Ωi

ωnbn∇ωn∇
(
un + u0)dz +

∫
Ωi

ωn(b0 − bn)|∇u|2 dz

+
∫
Ωi

ωnen∇ωn dz +
∫
Ωi

ωn(en − e0)∇udz

=
∫
Ωi

ωn(fn − f0) dz, (z, t) ∈ Qi, (26)

ωn(z, t) = 0, (z, t) ∈ ({zi−1} ∪ {zi}
) × Ī , (27)

ωn(z,0) = 0, z ∈ Ωi. (28)

Integrate (26) over (0, t), we can obtain that
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∥∥wn(t)
∥∥2

L2(Ωi)
+

t∫
0

∥∥wn(s)
∥∥2

H 1
0 (Ωi)

ds

� Y1

â0

∥∥qn − q
∥∥2

L2(Qad)
+ Y2

â0

t∫
0

∥∥wn(s)
∥∥2

L2(Ωi)
ds,

where

â0 = min

{
1

2
,
ā0

4

}
,

y1 = M6(ρc)−2
L

(
kUL1 + (ρc)UL2

)
,

y2 = M3M6l
−1(ρc)−1

L

(
L1M2(ρc)−1

L + L4
)

+ (ρc)−2
L

(
L1M4 + L5(ρc)U

)
,

y3 = M2
6 (ρc)−2

L

(
2M1L1(ρc)−2

L (ρc)UkU

+ M1L2(ρc)−2
L (ρc)2

U + L3kU

)
,

Y1 = 2a−1
0 tf

(
y2

1 + (y2
2 + y2

3)2),
Y2 = a−1

0 MM5C
2
0(2M6 + 1).

Using the Gronwall inequality, we have that

∥∥wn(t)
∥∥2

L2(Ωi)
+

t∫
0

∥∥wn(s)
∥∥2

H 1
0 (Ωi)

ds

� Y1

â0
‖qn − q0‖2

L2(Qad)
eâ−1

0 Y2tf . (29)

For (29), let n → ∞, since ‖qn − q0‖L2(Qad)
→ 0, un → u on

Qi , i ∈ I2. We conclude that the mapping q → u(z, t;q) is
strongly continuous on Qad, for (z, t) ∈ Qi , i ∈ I2. Thus the
mapping q → T (z, t;q) is strongly continuous on Qad, where
T (z, t;q) ∈ S(Qad), q ∈ Qad, which completes the proof. �
Theorem 4. Suppose assumptions (A1)–(A4) hold, then there
exists at least one optimal parameter q∗ ∈ Qad satisfying (PIP).

Proof. Since Qad is a nonempty convex subset of R6, there ex-
ists a minimizing sequence {qn}, such that, limn→∞ J (qn) =
infq∈Qad J (q). Since Qad is compact, there exists a subse-
quence {qnk̄

} and a q∗ ∈ Qad, such that, ‖qnk̄
−q∗‖L2(Qad)

→ 0.
From Theorem 3, q → T (z, t;q) is continuous for all q ∈ Qad,
T (x, t;qnk̄

) → T (z, t;q∗). It follows from (24) that

J (q∗) = J
(

lim
k̄→∞

qnk̄

)
= lim

k→∞J (qnk̄
) = inf

q∈Qad
J (q).

This proves that q∗ is an optimal parameter. �
3.2. Optimization algorithm

In this section, we will construct a feasible algorithm to solve
the problem (PIP). First (25) can be written as the equivalent
formula

min J (q)

s.t. T (z, t;q) ∈ S(Qad),

S1 � q3 + q4ẑ + q5ẑ
2 + q6ẑ

3 � S2, ∀z ∈ Ω,
S3 � q3 + q4 + q5 + q6 � S4,

qlj � qj � quj , j ∈ I6. (30)

Where Si are given positive constants, i ∈ I4 which are deter-
mined by the physical properties of sea ice in the measured
fields.

Let jz be the observed spatial spots number, nt the observed
temporal spots number, zj̄ the measure depth, tn̄ the measure
time, T (zj̄ , tn̄;q) the calculated temperature of sea ice at depth
zj̄ and time tn̄ from NNTS, and Tmea(zj̄ , tn̄) the observed data
at depth zj̄ and time tn̄. Thus (30) can be rewritten as

(PIPP) min J̄ (q) =
nt∑

n̄=1

jz∑
j̄=1

(
T (zj̄ , tn̄;q) − Tmea(zj̄ , tn̄)

)2
,

s.t. T (zj̄ , tn̄;q) ∈ S(Qad). (31)

From Theorem 4, we can get that there also exists at least one
optimal parameter satisfying (31). Next we construct a Hybrid
Real Coded Genetic Algorithm to find the optimal solution of
(PIPP). The convergence analysis of the algorithm is similar to
Ref. [18], so we omit it.

Hybrid Real Coded Genetic Algorithm (HRCGA):

Step 1. Give the size Sp of population; generate the initial pop-
ulation individual yi = (y1i , y2i , y3i , y4i , y5i , y6i ), where
yji ∼ rand(0,1), i ∈ ISp , j ∈ I6; give the maximal iterative
number Max, the given value Jter, the probability PHJ of
Hooke–Jeeves search, the accelerated factor α of Hooke–
Jeeves search, the descent rate δ of Hooke–Jeeves search;
let qi = (q1i , q2i , q3i , q4i , q5i , y6i ), qji = qLj + yji(qUj −
qLj ), where i ∈ ISp , j ∈ I6; set the iterative number l = 1.

Step 2. Compute the value T (zj̄ , tn̄;qi) by the semi-implicit

finite difference scheme, calculate J̄ (qi) for each qi , de-
fine the fitness value Fi = 1/J̄ (qi), Fmax = maxi∈ISp

{Fi},
Fave = 1/Sp

∑Sp

i=1 Fi , the probability pi = Fi/
∑Sp

i=1 Fi ;
if qi ∈ Qad, then Fi = 1/J̄ (qi), else, Fi = jz · nt , where
i ∈ ISp .

Step 3. Select Sp individuals from the population yi accord-
ing to pi as the new population individuals y1

i = (y1
1i ,

y1
2i , y

1
3i , y

1
4i , y

1
5i , y

1
6i ), compute the fitness value F 1

i of y1
i ,

where i ∈ ISp .
Step 4. Randomly select two individuals from the initial pop-

ulation individual yi due to the probability pi and make
a random linear combination due to the crossover proba-
bility pci = 1/(1 + eb0·l) + b1 as the population individual
y2
i = (y2

1i , y
2
2i , y

2
3i , y

2
4i , y

2
5i , y

2
6i ), compute the fitness value

F 2
i of y2

i , where i ∈ ISp .
Step 5. Set the mutation probability

pmi =
{

d0
1+e−d1 ·l

Fmax−Fi

Fmax−Fave
, if Fi � Fave,

pm, if Fi < Fave.

For every pmi , generate a random number umi ∼ rand(0,1),
if umi < pmi , let y3

ji = 1 − pi ; else, y3
ji = yji , i ∈ ISp ,

j ∈ I6. The new population individual y3 = (y3 , y3 , y3 ,
i 1i 2i 3i



W. Lv et al. / International Journal of Thermal Sciences 48 (2009) 195–203 201
Table 1
The given parameter values of the model

ρpi cpi kpi S1 S2 S3 S4 l z1 C ᾱ Qs κ2

916 2093 2.03 2.2 6 8 13 0.66 0.06 0.9 0.55 62.2 1.5

h1 h2 b0 b1 c0 c1 Sp Max PHJ Jter α δ

1.6666 4.0 × 10−8 0.05 0.5 2.0 2.0 50 100 0.5 0.1 1 0.5

Table 2
The identified parameter values from Oct. 20 to Nov. 4, 2006

γ β a0 a1 a2 a3 e1 e2

qor 1.715 × 107 0.1172 1.89 29.19 −77.49 56.38 0.2442 0.06%
q∗ 3.0000 × 107 0.4987 3.9998 19.6095 −58.6298 48.0169 0.1708 0.04%
Feasible domain [0.5,3.0] × 107 [0.001,0.5] [1,4] [5,100] [−100,−1] [1,100] – –

Table 3
The compare of errors from Oct. 20 to Nov. 4, 2006

z 0.00 0.06 0.12 0.18 0.24 0.30 0.36 0.42 0.48 0.54 0.60 0.66

e3(qor) 0.0000 0.4140 0.3698 0.3192 0.2595 0.2980 0.1708 0.2908 0.1568 0.0994 0.0368 0.0000
e3(q∗) 0.0000 0.3231 0.2529 0.2030 0.1436 0.2074 0.0942 0.2277 0.1027 0.0656 0.0369 0.0000
y3
4i , y

3
5i , y

3
6i ), compute the fitness value F 3

i of y3
i , where

i ∈ ISp , j ∈ I6.
Step 6. Sequence the new individuals y1

i , y2
i and y3

i from large
to small according to their fitness values F 1

i , F 2
i and F 3

i ;
take the front Sp individuals as the new population individ-
ual yi = (y1i , y2i , y3i , y4i , y5i ), let qji = qLj + yji(qUj −
qLj ), qi = (q1i , q2i , q3i , q4i , q5i , y6i ), where i ∈ ISp , j ∈
I6.

Step 7. Generate a random number λ ∼ rand(0,1), if λ < PHJ,
Hooke–Jeeves research for q1 is carried out and the ob-
tained value is still denoted by q1, let qSp = q1, sequence
the individuals from large to small according to their fitness
values, then goto Step 8; else, goto Step 8.

Step 8. Set l = l + 1. If l � Max or J̄ (q1) � Jter, goto Step 2;
else, take q∗ = q1, output q∗.

3.3. An example

In this section, a numerical example illustrates that the phys-
ical parameters of NNTS can be identified so as to reduce the
bias between the calculated and the measured results. To illus-
trate the validity of the optimization algorithm and the advan-
tage of the identification method, we take the observed temper-
ature data of Antarctic sea ice at Nella Fjord around Zhongshan
Station from Oct. 20 to Nov. 4, 2006 and Jun. 12 to Jun. 25,
2006 measured in the 22nd Chinese Antarctic Research Expe-
dition. There are jz = 12 observed spots distributing averagely
from 0 to 0.66 m, and the spatial interval is 0.06 m; there
are nt = 768 observed temporal spots, and the sampling inter-
val is 30 minutes. Firstly, we compute the optimal parameter
values using the observed temperature data from Oct. 20 to
Nov. 4, 2006; then another numerical simulation from Jun. 12 to
Jun. 25, 2006 is operated by the optimal parameters which are
denoted by q∗; finally, the two results are compared with the
numerical results based on the parameters of [3] and [4] which
are denoted by qor. The errors are defined by

e1(q) =
√√√√√ 1

jznt

(
nt∑

n̄=1

jz∑
j̄=1

(
T (zj̄ , tn̄;q) − Tmea(zj̄ , tn̄)

)2

)
,

e2(q) =
∑nt

n̄=1

∑jz

j̄=1
|T (zj̄ , tn̄;q) − Tmea(zj̄ , tn̄)|∑nt

n̄=1

∑jz

j̄=1
|Tmea(zj̄ , tn̄)|

,

e3(q) =
√√√√ 1

nt

(
nt∑

n̄=1

(
T (zj̄ , tn̄;q) − Tmea(zj̄ , tn̄)

)2

)
,

j̄ = 1, . . . , jz.

The temperature deviation is defined by

DT (zj̄ ;q) = T (zj̄ , tn̄;q) − Tmea(zj̄ , tn̄),

j̄ = 1, . . . , jz, n̄ = 1, . . . , nt .

Table 1 presents the given parameter values in the model. Using
the optimization algorithm, we obtain the optimal solution q∗ as
shown in Table 2, where the feasible domains of the identified
parameters are presented due to the measured salinity values at
Nella Fjord in 2006 and Refs. [3,4,7,8]. Table 3 shows the tem-
perature errors at every observed spot from Oct. 20 to Nov. 4,
2006. Fig. 2 shows the comparison of the temperature devia-
tion for qor and q∗ from Oct. 20 to Nov. 4, 2006, where the
x-axes express year day from Oct. 20 to Nov. 4, 2006, the y-
axes express the ice temperature deviation, the red line denotes
the temperature deviation for q∗, the blue line denotes the tem-
perature deviation for qor (for colors see the web version of this
article). From Table 2, we can find that the temperature errors
for q∗ are smaller than those for qor; in Table 3, most values
of e3(q

∗) are much smaller than e3(q
or). It is illuminated that
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Fig. 2. Comparison of the temperature deviation for optimal parameter q∗ and the original parameter qor from Oct. 20 to Nov. 4, 2006.

Table 4
The identified parameter values from Jun. 12 to Jun. 25, 2006

γ β a0 a1 a2 a3 e1 e2

qor 1.715 × 107 0.1172 1.89 29.19 −77.49 56.38 0.5745 0.16%
q∗ 3.0000 × 107 0.4987 3.9998 19.6095 −58.6298 48.0169 0.5582 0.16%

Table 5
The compare of errors from Jun. 12 to Jun. 25, 2006

z 0.00 0.06 0.12 0.18 0.24 0.30 0.36 0.42 0.48 0.54 0.60 0.66

e3(qor) 0.0000 0.7691 0.8004 0.8202 0.8399 0.6675 0.6742 0.4327 0.4018 0.2836 0.1446 0.0000
e3(q∗) 0.0000 0.7396 0.7562 0.7751 0.8030 0.6402 0.6627 0.4364 0.4321 0.3322 0.1943 0.0000
the algorithm is valid. To further illustrate the validity of our
method under some conditions, we make another temperature
simulation of sea ice at Nella Fjord from Jun. 12 to Jun. 25,
2006 using q∗ and compare the results with those for qor as in
Tables 4, 5 and Fig. 3. From these tables and figures, we can
conclude that the numerical results by our method correspond
to the actual characteristics of the sea ice temperature distribu-
tion and approach the observed data better than those by qor,
thus the algorithm is valid and our method can be used under
some conditions.

4. Conclusions

In this paper, we aim to identify the coefficients describ-
ing the sea ice salinity and other two parameters in NNTS
neglecting the influence of snow and ocean on ice. We have
discussed the existence and uniqueness of the weak solution
of NNTS, constructed an optimization algorithm solving the
parameter identification problem by a new optimization algo-
rithm, and operated another numerical simulation during the
Polar Night Time. Compared with the results for qor, the nu-
merical results for q∗ indicate that not only the optimiza-
tion algorithm are valid, but also our model with the opti-
mal parameters can be used, for example, to overcome data
gaps.

However, our mathematical framework did not include the
impact of snow on sea ice, of the oceanic heat flux and of
radiation penetrating through snow on top of the sea ice.
To overcome these limitations will be subject to the future
work.
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Fig. 3. Comparison of the temperature deviation for optimal parameter q∗ and the original parameter qor from Jun. 12 to Jun. 25, 2006.
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